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In the paper, we derive the next-to-leading order (NLO) fragmentation function for a heavy
quark, either charm or bottom, into a heavy quarkonium J/Ψ or Υ. The ultra-violet divergences in
the real corrections are removed through the operator renormalization, which is performed under
the modified minimal subtraction scheme. We then obtain the NLO fragmentation function at an
initial factorization scale, e.g. µF = 3mc for c → J/Ψ and µF = 3mb for b → Υ, which can be
evolved to any scale via the use of Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equation. As an initial
application of those fragmentation functions, we study the J/Ψ (Υ) production at a high luminosity
e+e− collider which runs at the energy around the Z pole and could be a suitable platform for
testing the fragmentation function.
PACS numbers: 12.38.Bx, 13.87.Fh, 13.66.Bc
I. INTRODUCTION
Since the observation of J/Ψ meson, the heavy quarko-
nium has attracted great interests from theorists and ex-
perimentalists. Due to the constituent quark (Q) and
antiquark (Q¯) of a heavy quarkonium are heavy, i.e,
mQ ≫ ΛQCD, its production rate and decay width in-
volve both perturbative and non-perturbative aspects of
quantum chromodynamics (QCD). It then provides a
good platform for testing various QCD factorization the-
ories. Within the framework of the nonrelativistic QCD
(NRQCD) factorization theory [1], the production cross
section of a heavy quarkonium via the collision of two
incident particles A and B can be written as
dσ(A+B → H +X)
=
∑
n
dσ˜(A+B → (QQ¯)[n] +X)〈OHn 〉, (1)
where H denotes the produced heavy quarkonium, dσ˜ is
the production cross section for the perturbative state
(QQ¯)[n] with quantum numbers n, which is calculable
and can be expanded in powers of the strong coupling
constant αs. 〈OHn 〉 denotes the non-perturbative but
universal NRQCD matrix element, which is proportional
to the transition probability of the perturbative state
(QQ¯)[n] into the hadron state H .
The NRQCD factorization formulism has been used
to deal with the quarkonium production at e+e− and
hadronic colliders, and most of the calculations have
been performed up to next-to-leading order (NLO) ac-
curacy [2, 3]. In some cases, there are large logarithms
in the short-distance part dσ˜. For instance, there are
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large logarithms in powers of ln(
√
s/mQ) for the heavy
quarkonium production at a e+e− collider with
√
s be-
ing the central of mass collision energy, or there are large
logarithms in powers of ln(pT /mQ) in high pT region (pT
being the transverse momentum of the quarkonium) at
a hadronic collider. Those large logarithms may spoil
the convergence of the perturbative expansion, leading
to the unreliable pQCD predictions. As a solution, it has
been pointed out that those logarithms mainly come from
the emission of collinear gluons, which can be systemati-
cally resummed through the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equation [4].
In the present paper, we shall take the heavy quarko-
nium production at an e+e− collider as an explicit ex-
ample to explain this idea, especially, we shall give the
results for the heavy quark to heavy quarkonium frag-
mentation function up to NLO accuracy. The fragmen-
tation function that gives the probability for the splitting
of a parton into the desired hadron plus other partons.
For a hadron composed of only heavy quarks, its frag-
mentation function can be calculated using pQCD the-
ory. The Z boson decays Z → J/Ψ+X and Z → Υ+X
have been studied up to NLO level using the complete
pQCD approach [5], and in the present paper we will
study these processes but using the fragmentation ap-
proach. Compared with the complete pQCD approach,
even though the fragmentation approach neglects some
power-suppressed terms, it resums the large collinear log-
arithms more conveniently via the use of the DGLAP evo-
lution equation and achieves more reliable predictions in
specific kinematic regions.
We shall also study these processes but using the frag-
mentation function approach. Compared with the com-
plete pQCD approach, the fragmentation function ap-
proach can resum the large collinear logarithms, how-
ever, it neglects some power suppressed terms. One may
combine these two approaches to give a good prediction.
Under the pQCD factorization theory, the production
2cross section of heavy quarkonium at an e+e− collider
can be factorized as
dσ(e+e− → H(p) +X) =
∑
i
dσˆ(e+e− → i(p/z) +X,µF )
⊗Di→H(z, µF ) +O(m2Q/s), (2)
where the sum extends over all the parton types, dσˆ
denotes the partonic cross section (coefficient function),
Di→H(z, µF ) denotes the fragmentation function (decay
function) for the parton i into heavy quarkonium H with
longitudinal momentum fraction z. µF is the factoriza-
tion scale which separates the energy scales of two parts.
In order to avoid large logarithms appearing in dσˆ, µF is
usually set as µF = O(
√
s).
The pQCD factorization formula (2) was firstly sug-
gested by Collins and Soper for the inclusive produc-
tion of a light hadron [6], and the proof of the pQCD
factorization formula to the case of quarkonium produc-
tion was given by Nayak, Qiu, and Sterman [7]. The
recent progress of the pQCD factorization for quarko-
nium production is the derivation of the next-leading-
power (NLP) contribution, which comes from the double-
parton fragmentation [8–11]. The fragmentation func-
tion Di→H(z, µF ) contains nonperturbative information,
which is calculable through the NRQCD factorization (or
the Mandelstam formulation [12] under the instantaneous
approximation) [13, 14], e.g. Di→H(z, µF ) can be factor-
ized as
Di→H(z, µF ) =
∑
n
di→(QQ¯)[n](z, µF )〈OHn 〉, (3)
where di→(QQ¯)[n](z, µF ) is the short-distance coeffi-
cient, which contains the logarithms of µF /mQ. To
avoid such kind of large logarithms, one can first
calculate the fragmentation function at some ini-
tial factorization scale which is of order O(mQ),
and then evolve it to a higher factorization scale
by using the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equation [15–17]:
d
d lnµ2F
Di→H(z, µF )
=
αs(µF )
2π
∑
j
∫ 1
z
dy
y
Pji(y, αs(µF ))Dj→H(z/y, µF ),(4)
where Pji are splitting functions, which can be expanded
in perturbative series as:
Pji(y, αs(µF )) =
αs(µF )
2π
P
(0)
ji (y) +
α2s(µF )
(2π)2
P
(1)
ji (y)
+O(α3s). (5)
For the quark to quark case, the LO coefficient
P
(0)
QQ(y) = CF
[
1 + y2
(1− y)+ +
3
2
δ(1− y)
]
, (6)
where CF = 4/3 for SU(3)c group. The NLO coefficient
P
(1)
QQ(y) is too lengthy to be presented here, which can be
found in Refs.[18–20].
The LO fragmentation function for a heavy quark to
J/Ψ or Υ was firstly calculated by Braaten and Che-
ung in 1993 [21], where the LO fragmentation func-
tion is derived from a LO calculation of the process
Z → J/Ψ + c + c¯. Subsequently, Ma calculated the
LO fragmentation functions [22] by using the gauge in-
variant definition suggested by Collins and Soper. In
Ref.[23], the authors calculated the NLO corrections
to the transverse-momentum dependent fragmentation
functions for a heavy quark to J/Ψ and Υ, which is how-
ever not convenient for practical applications. Recently,
the NLO fragmentation function for a gluon into heavy
quarkonium has been finished by Refs.[24–27]. In the
present paper, we shall give the fragmentation functions
for a heavy quark into J/Ψ and Υ up to NLO level.
The remaining parts of the paper are organized as fol-
lows. In Sec.II, we present the LO fragmentation function
for a heavy quark into the heavy quarkonium J/Ψ or Υ.
In Sec.III, we present the NLO fragmentation functions
Dc→J/Ψ and Db→Υ, in which the renormalization is car-
ried out by using the conventional MS-scheme. In Sec.IV,
we apply those NLO fragmentation functions to J/Ψ and
Υ production at a super Z factory. Sec.V is reserved for
a summary.
II. THE LO FRAGMENTATION FUNCTION
Before carrying out the calculation for the fragmen-
tation function, we first give a brief introduction of
the gauge invariant fragmentation function suggested by
Collins and Soper [6]. We adopt the dimensional regu-
larization to regularize the infrared (IR) and ultraviolet
(UV) divergences, and shall work in d = 4 − 2ǫ dimen-
sional space-time.
The light-cone coordinates are conventionally adopted
to define the fragmentation function, where a vector V µ
in d dimensions is expressed as V µ = (V +, V −,V⊥) =
((V 0 + V d−1)/
√
2, (V 0 − V d−1)/√2,V⊥). The scalar
product of two vectors V and W then becomes V ·W =
V +W−+ V −W+−V⊥ ·W⊥. The gauge-invariant frag-
mentation function for the heavy quark Q into a spin-
triplet and color-singlet quarkonium H in d = 4 − 2ǫ
dimension is defined as
3DQ→H(z) =
zd−3
2π
∑
X
∫
dx−e−iP
+x−/z
× 1
Nc
Trcolor
1
4
TrDirac
{
γ+〈0|Ψ(0)P¯exp
[
igs
∫ ∞
0
dy−A+a (0
+, y−, 0⊥)t
T
a
]
|H(P+, 0⊥) +X〉
×〈H(P+, 0⊥) +X |Pexp
[
−igs
∫ ∞
x−
dy−A+a (0
+, y−, 0⊥)t
T
a
]
Ψ¯(x)|0〉
}
, (7)
where Ψ and Aµa are quark field and gluon field, respec-
tively. ta is the color matrix, P implies the path ordering,
z ≡ P+/K+ is the longitudinal momentum fraction car-
ried from the incident heavy quark Q. This definition is
carried out in a reference frame where the quarkonium H
carries no transverse momentum, i.e, Pµ = (P+, P− =
m2H/2P
+, 0⊥). It is convenient to introduce a light-like
vector nµ, which has the value of nµ = (0, 1, 0⊥) in the
reference frame where the definition of the fragmentation
function is carried out. In this frame, the plus compo-
nent of a momentum p can be expressed as p+ = p · n,
and z = P ·n/K ·n. The Feynman rules for the fragmen-
tation function can be directly derived from the above
definition [28].
The fragmentation function (7) is gauge independent.
For practical treatment, we work under the usual Feyn-
man gauge. To derive the fragmentation functionDQ→H ,
we first calculate the fragmentation function for the pro-
duction of a free on-shell QQ¯ state with the quantum
numbers 3S
[1]
1 (i.e, DQ→QQ¯[3S[1]1 ]
), where the superscript
“[1]” denotes the QQ¯ state is in color singlet. Then,
DQ→H is obtained by replacing the NRQCD matrix ele-
ment of a free QQ¯ state (〈OQQ¯[3S[1]1 ](3S[1]1 )〉) to the ma-
trix element of the quarkonium (〈OH(3S[1]1 )〉).
(2)
(4)(3)
(1)
FIG. 1. The LO cut diagrams for the fragmentation function
D
Q→QQ¯[3S
[1]
1 ]
. The double line stands for the Wilson line
which ensures the gauge invariance of the squared amplitude.
At the LO level, we need to deal with process Q(K)→
QQ¯[3S
[1]
1 ](p1)+Q(p2). As shown by Fig.1, there are four
LO cut diagrams which contribute to D
Q→QQ¯[3S
[1]
1 ]
. The
four squared amplitudes from four cut diagrams are
A1 =tr
[
(/p2 +mQ)(igsγ
µta)ΠΛ1(igsγµt
a)
· i
/p1 + /p2 −mQ + iǫ /n
−i
/p1 + /p2 −mQ − iǫ
·(−igsγνtb)Π¯Λ1(−igsγνtb)
]
· −i
(p1/2 + p2)2 + iǫ
i
(p1/2 + p2)2 − iǫ , (8)
A2 =tr
[
(/p2 +mQ)(igsγ
µta)ΠΛ1
· i
(−p1/2− p2) · n+ iǫ(igsnµt
a)/n
· −i
/p1 + /p2 −mQ − iǫ(−igsγ
νtb)Π¯Λ1(−igsγνtb)
]
· −i
(p1/2 + p2)2 + iǫ
i
(p1/2 + p2)2 − iǫ , (9)
A3 =tr
[
(/p2 +mQ)(igsγ
µta)ΠΛ1(igsγµt
a)
· i
/p1 + /p2 −mQ + iǫ /n(−igsnνt
b)
· −i
(−p1/2− p2) · n− iǫ Π¯Λ1(−igsγνt
b)
]
· −i
(p1/2 + p2)2 + iǫ
i
(p1/2 + p2)2 − iǫ , (10)
A4 =tr
[
(/p2 +mQ)(igsγ
µta)ΠΛ1
· i
(−p1/2− p2) · n+ iǫ (igsnµt
a)/n(−igsnνtb)
· −i
(−p1/2− p2) · n− iǫ Π¯Λ1(−igsγνt
b)
]
· −i
(p1/2 + p2)2 + iǫ
i
(p1/2 + p2)2 − iǫ . (11)
Here Π denotes the spin projector, and for 3S1 state
Π = − 1
2
√
2mQ
/ǫ(p1)(/p1 + 2mQ), (12)
and Π¯ ≡ γ0Π†γ0. Λ1 is color-singlet prejector
Λ1 =
1√
3
, (13)
4where 1 is the SUc(3) unit matrix.
Then we obtain the total squared amplitude at the LO
level,
ABorn =
4∑
j=1
Aj = 2C
2
F g
4
sK · n
(2− z)2mQ
4∑
j=2
ajm
2(j−2)
Q
(s1 −m2Q)j
, (14)
where s1 = (p1 + p2)
2 is the invariant mass of final
QQ¯[3S
[1]
1 ] +Q, and the coefficients aj=2,3,4 are
a2 =(1− z)[(d3 − 17d2 + 100d− 156)z2 − 4(d3 − 13d2
+56d− 84)z + 4(d3 − 9d2 + 28d− 28)],
a3 =8(z − 2)[(d2 − 9d+ 16)z2 − 2(d2 − 5d+ 16)z + 16],
a4 =−64(d− 1)(z − 2)2.
The differential phase space for the LO fragmentation
function is
dφBorn =
dp+2
2p+2
dd−2p2⊥
(2π)d−2
2πδ(K+ − p+1 − p+2 ), (15)
where the δ-function comes from the final cut of the
eikonal line. The integration over p+2 can be carried out
with the δ-function. The integration over the angles of
p2⊥ is trivial and can be carried out easily. Then we have
dφBorn =
z−1+ǫ(1 − z)−ǫ
2(4π)1−ǫΓ(1− ǫ)K · n
×
(
s1 −
4m2Q
z
− m
2
Q
1− z
)−ǫ
ds1. (16)
The range of s1 is from [4m
2
Q/z +m
2
Q/(1− z)] to +∞.
The LO fragmentation function for Q→ QQ¯[3S[1]1 ] can
be obtained through
DLO
Q→QQ¯[3S
[1]
1 ]
(z) = NCS
∫
dφBornABorn, (17)
where NCS = z
1−2ǫ/8πNc is an overall factor. Perform-
ing the integration over s1, we obtain
DLO
Q→QQ¯[3S
[1]
1 ]
(z)
=
C2Fα
2
sz(1− z)(4π)ǫΓ(1 + ǫ)
2Nc(2 − z)4+2ǫm3+2ǫQ
[
a2 + a3
(1 + ǫ)z(1− z)
2(2− z)2
+a4
(2 + ǫ)(1 + ǫ)z2(1− z)2
6(2− z)4
]
. (18)
Setting d = 4, we obtain
DLO
Q→QQ¯[3S
[1]
1 ]
(z)
=
32α2sz(1− z)2
27(2− z)6m3Q
(5z4 − 32z3 + 72z2 − 32z + 16)
× 〈O
QQ¯[3S
[1]
1 ](3S
[1]
1 )〉
6Nc
. (19)
Here, the LO fragmentation function for the free
QQ¯[3S
[1]
1 ] state has been written as the factorization form
by the use of the fact that
〈OQQ¯[3S[1]1 ](3S[1]1 )〉 = 2(d− 1)Nc. (20)
at the order α0s with the normalization of the NRQCD
matrix element in Ref.[1]. Then the LO fragmentation
function for the quarkonium can be obtained through
replacing 〈OQQ¯[3S[1]1 ](3S[1]1 )〉 by 〈OH(3S[1]1 )〉. Under the
leading non-relativistic approximation, the matrix ele-
ment 〈OH(3S[1]1 )〉 can be expressed by the radial wave
function at the origin for the quarkonium H , i.e,
〈OH(3S[1]1 )〉 ≈ (d− 1)Nc|RS(0)|2/(2π). (21)
Finally, the LO fragmentation function for the 3S1
quarkonium state takes the form
DLOQ→H(z)
=
8α2sz(1− z)2|RS(0)|2
27π(2− z)6m3Q
(5z4 − 32z3 + 72z2 − 32z + 16),
(22)
which is exactly the same as that of Ref.[21].
III. THE NLO CORRECTION TO THE
FRAGMENTATION FUNCTION
At the NLO level, we need to deal with the virtual
and real corrections to the LO terms. It is hard to give
the analytic expressions for those NLO-terms. In the
following subsections, we shall give some explanations on
how to deal with the virtual and real corrections.
In doing the calculations, the FeynCalc package [29, 30]
is adopted to carry out the color and Dirac traces, the
$Apart package [31] and the FIRE package [32] are used
to do partial fraction and integration-by-parts (IBP) re-
duction. The master integrals are calculated by using
the LoopTools package [33]. As a subtle point, there are
some master integrals, which contain an eikonal propa-
gator and can not be calculated by using the LoopTools,
and we adopt the method introduced in Ref.[24] to deal
with those master integrals.
A. The virtual corrections
At the NLO level, the virtual corrections come from
the cut diagrams containing a loop on either side of the
cut. Four typical virtual corrections are shown in Fig.2.
The differential phase space of the virtual corrections is
the same as that of the LO one, e.g. Eq.(15). The virtual
corrections can be obtained through
Dvirtual
Q→QQ¯[3S
[1]
1 ]
(z) = NCS
∫
dφBornAvirtual. (23)
5(1) (2)
(4)(3)
FIG. 2. Four typical virtual corrections to the fragmentation
function D
Q→QQ¯[3S
[1]
1 ]
. The double line stands for the Wil-
son line which ensures the gauge invariance of the squared
amplitude.
where Avirtual is the squared amplitude for the virtual
corrections.
We adopt the method of regions [34] to calculate the
fragmentation function. Within this method, we only
need to calculate the contributions from the hard region,
the Coulomb divergences which come from the potential
region do not appear in the calculations. The hard re-
gion contributions are then obtained by expanding the
relative velocity between the produced Q and Q¯ before
the loop integration. Thus in the calculation, we only
need to set the relative momentum to zero before the
loop integration [34].
B. The real corrections
At the NLO level, the real corrections come from the
fragmentation process emitting an extra gluon, i.e, we
need to deal with the process, Q(K) → QQ¯[3S[1]1 ](p1) +
Q(p2) + g(p3). The cut diagrams for the real corrections
can be obtained from the LO cut diagrams by adding a
gluon line crossing the cut. Four typical real correction
cut diagrams are shown in Fig.3.
The differential phase space for the real correction is
dφreal =2πδ
(
K+ −
3∑
i=1
p+i
) ∏
i=2,3
dp+i
2p+i
dd−2pi⊥
(2π)d−2
. (24)
The real corrections can be obtained through
Dreal
Q→QQ¯[3S
[1]
1 ]
(z) = NCS
∫
dφrealAreal, (25)
where Areal denotes the squared amplitude for the real
corrections. As for the real corrections, the IR diver-
gences come from the limits p3 → 0 and p3 · n → 0,
(1) (2)
(4)(3)
FIG. 3. Four typical real corrections to the fragmentation
function D
Q→QQ¯[3S
[1]
1 ]
. The double line stands for the Wil-
son line which ensures the gauge invariance of the squared
amplitude.
and the UV divergences come from the limit |p3⊥| → ∞.
We adopt the method of Ref.[24] to extract those diver-
gences. Following this method, the real corrections can
be represented as
DrealQ→QQ¯[n](z) =NCS
∫
dφreal(Areal −AS)
+NCS
∫
dφrealAS . (26)
where AS denotes the subtraction term, which has the
same singularities as the squared amplitude of the real
corrections. The first term on the right hand side of
Eq.(26) is finite and can be directly calculated in 4-
dimensions. The integral of the subtraction term is di-
vergent and should be calculated in d-dimensions.
The subtraction term can be constructed according to
the singularity behavior of the squared amplitude of the
real corrections. More explicitly, the squared amplitude
for the real corrections can be written as
6Areal = b1(s1, z)
(1− y)(s−m2Q)
+
b2(s1, z)
(1− y)(s2 −m2Q)
+
b3(s1, z)
(1− y)s3 +
c1(s1, z, y)
s−m2Q
+
c2(s1, z, y)p1 · p3
(s−m2Q)2
+
c3(s1, z, y)
s2 −m2Q
+
c4(s1, z, y)p2 · p3
(s2 −m2Q)2
+
c5(s1, z, y)
s3
+
c6(s1, z, y)p1 · p3
s23
+
d1(s1, z)(1− u)(s1 −m2Q)
u t1(s−m2Q)
+
d2(s1, z)(1− u)(s1 −m2Q)
2 u t1 s3
+
d3(s1, z)(1− u)(s1 −m2Q)2
2 u t1 s3(s−m2Q)
+
d4(s1, z)(s1 −m2Q)2
2 u t2(s−m2Q)s3
+
d5(s1, z)(s1 −m2Q)
u t2(s−m2Q)
+
d6(s1, z)(s1 −m2Q)
2 u t2 s3
+
g(s1, z)(s1 −m2Q)2
2 u(s−m2Q)s3
+
h(s1, z)
t22
+Afinitereal , (27)
where the Lorentz invariants are defined as follows
y =
(p1 + p2) · n
(p1 + p2 + p3) · n, u =
p3 · n
(p2 + p3) · n,
s = (p1 + p2 + p3)
2, s2 = (p1/2 + p3)
2,
s3 = (p1/2 + p2 + p3)
2, t1 = 2p1 · p3,
t2 = 2p2 · p3. (28)
The Afinitereal stands for the terms which are finite after the
phase-space integration. There are neither 1/t21 term nor
1/t1t2 term in Areal because those terms are canceled
after summing all the terms of the real corrections. The
subtraction term AS can then be constructed as follows
AS = b1(s1, z)
(1 − y)(s−m2Q)
+
b2(s1, z)
(1 − y)(s2 −m2Q)
+
b3(s1, z)
(1 − y)s3 +
c1(s1, z, y)
s
+
c2(s1, z, y)
s2
[
p1 · p3 − z
2y
(
1− 2
y
)
s1 − 1− y
2y
(s1 + 3m
2
Q)
]
+
c3(s1, z, y)
s2
+
c4(s1, z, y)
s22
[
p2 · p3 +
(y − z)m2Q
z
(
1 +
4(1− y)
z
)
− 1− y
2z
(s1 − 5m2Q)
]
+
c5(s1, z, y)
s3
+
c6(s1, z, y)
s23
[
p1 · p3 + z(2− z)/4− (1− y)(y − z)
2(y − z/2)2 (s1 −m
2
Q)
]
+
d1(s˜, z)(1− u)(s˜−m2Q)
u t1(s˜−m2Q + t1/z)
+
d2(s˜, z)(1− u)(s˜−m2Q)
u t1[s˜−m2Q + (2− z)t1/z]
+
d3(s˜, z)(1− u)(s˜−m2Q)2
u t1(s˜−m2Q + t1/z)[s˜−m2Q + (2 − z)t1/z]
+
d4(s˜, z)(s˜−m2Q)2
u t2[s˜−m2Q + t2/(1− z)][s˜−m2Q + (2− z)t2/(1− z)]
+
d5(s˜, z)(s˜−m2Q)
u t2(s˜−m2Q + t2/(1− z))
+
d6(s˜, z)(s˜−m2Q)
u t2[s˜−m2Q + (2− z)t2/(1− z)]
+
g(s˜, z)(s˜−m2Q)2
u[s˜−m2Q + t2/(1− z)][s˜−m2Q + (2− z)t2/(1− z)]
+
h(s˜, z)
t22
, (29)
where s˜ is defined as
s˜ = (p1 + p˜)
2 (30)
with
p˜µ = pµ2 + p
µ
3 −
p2 · p3
(p2 + p3) · nn
µ. (31)
Numerically, we have found that the integration of
(Areal−AS) over the phase space is finite in 4-dimensions,
which confirms our present choice of the subtraction term
AS. Due to its much simpler structure, following the
method of Ref.[28], the phase-space integration over the
subtraction term AS can be done analytically. The in-
teresting reader can turn to Ref.[28] for details.
7C. Renormalization
The UV divergences in the virtual and real correc-
tions should be canceled through renormalization. The
counter-term approach is adopted to carry out the renor-
malization, where the fragmentation function is calcu-
lated with the renormalized quark mass mQ, the renor-
malized field Ψr, the renormalized gluon field A
µ
r and
the renormalized coupling constant gs. The renormal-
ized quantities are related to their corresponding bare
quantities as
m0Q = ZmmQ, Ψ0 =
√
Z2Ψr,
Aµ0 =
√
Z3A
µ
r , g
0
s = Zg gs , (32)
where the renormalization constants Zi = 1 + δZi, with
i = m, 2, 3, g, respectively. The quantities δZi are fixed
by the renormalized conditions which define a renormal-
ization scheme. The quark field, quark mass and gluon
field are renormalized in the on-mass-shell scheme (OS),
whereas the strong coupling constant gs is renormalized
in the MS scheme. The expressions of δZi can be derived:
δZOSm = −3 CF
αs
4π
[
1
ǫUV
− γE + ln4πµ
2
R
m2
+
4
3
]
,
δZOS2 = −CF
αs
4π
[
1
ǫUV
+
2
ǫIR
− 3 γE + 3 ln4πµ
2
R
m2
+ 4
]
,
δZOS3 =
αs
4π
[
(β′0 − 2CA)
(
1
ǫUV
− 1
ǫIR
)
−4
3
TF
(
1
ǫUV
− γE + ln4πµ
2
R
m2c
)
−4
3
TF
(
1
ǫUV
− γE + ln4πµ
2
R
m2b
)]
,
δZMSg = −
β0
2
αs
4π
[
1
ǫUV
− γE + ln (4π)
]
, (33)
where µR is the renormalization scale, β0 = 11CA/3 −
4TFnf/3 is the one-loop coefficient of the β-function in
QCD, and nf is the number of active quark flavors. β
′
0 =
11CA/3 − 4TFnlf/3, and nlf = 3 is the number of the
light-quark flavors. For SUc(3) group, we have CA = 3,
CF = 4/3 and TF = 1/2.
The operator products in the definition of the frag-
mentation functions also require renormalization [6, 35],
whose counter-terms in MS scheme can be written as [24]
DCT,operator
Q→QQ¯[3S
[1]
1 ]
(z) =−αs
2π
[
1
ǫUV
− γE + ln (4π) + lnµ
2
R
µ2F
]
∫ 1
z
dy
y
PQQ(y)D
LO
Q→QQ¯[3S
[1]
1 ]
(z/y),(34)
where DLO
Q→QQ¯[3S
[1]
1 ]
(z) denotes the LO fragmentation
function in d-dimensional space time.
IV. NUMERICAL RESULTS
In doing the numerical calculations, the input param-
eters are taken as follows:
mc = 1.5 GeV, mb = 4.9 GeV, mZ = 91.1876 GeV,
|RJ/Ψ(0)|2 = 0.810GeV3, |RΥ(0)|2 = 6.477GeV3. (35)
where the values of |RJ/Ψ(0)|2 and |RΥ(0)|2 are taken
from the potential-model calculations [36]. For the strong
coupling constant, we adopt the two-loop formula:
αs(µ) =
4π
β0 ln(µ2/Λ2QCD)
[
1− β1 ln ln(µ
2/Λ2QCD)
β20 ln(µ
2/Λ2QCD)
]
,
(36)
where β1 =
34
3 C
2
A−4CFTFnf− 203 CATFnf is the two-loop
coefficient of the β-function. According to αs(mZ ) =
0.1185 [37], we obtain Λ
nf=5
QCD = 0.233GeV and Λ
nf=4
QCD =
0.337GeV. Then we have αs(2mc) = 0.259, αs(3mc) =
0.223, αs(2mb) = 0.180, and αs(3mb) = 0.164.
A. The fragmentation functions
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FIG. 4. The fragmentation function Dc→J/Ψ(z, µF , µR) as a
function of z at an initial factorization scale µF = 3mc up to
LO and NLO accuracy, respectively. µR = 2mc or µR = 3mc.
The fragmentation functions for c → J/Ψ and b →
Υ are shown in Figs.4 and 5, respectively. The initial
factorization scale has been set as the minimal invariant
mass of the initial c quark or b quark. Two typical values
for the renormalization scale µR are adopted, one is the
threshold energy to create a cc¯ or bb¯ pair, and the other
is the minimal invariant mass of the initial c quark or b
quark. Figs. 4 and 5 indicate that the renormalization
scale dependence for the LO fragmentation functions are
large, and the NLO corrections are very important to
reduce the renormalization scale dependence.
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FIG. 5. The fragmentation function Db→Υ(z, µF , µR) as a
function of z at an initial factorization scale µF = 3mb up to
LO and NLO accuracy. µR = 2mb or µR = 3mb.
For future applications, we use polynomials to fit the
NLO fragmentation functions. We write the NLO frag-
mentation functions as the form
DNLOQ→H(z, µF )
= DLOQ→H(z)
(
1 +
αs(µR)
2π
β0ln
µ2R
4m2Q
)
+
αs(µR)
2π
ln
µ2F
9m2Q
∫ 1
z
dy
y
PQQ(y)D
LO
Q→H(z/y)
+
αs(µR)
3|RS(0)|2
m3Q
f(z), (37)
where DLOQ→H(z) is the LO fragmentation function given
in Eq.(22). For c→ J/Ψ, we have
f(z) =−9.01726z10+ 18.22777z9+ 16.11858z8
−82.54936z7+ 106.57565z6− 72.30107z5
+28.85798z4− 6.70607z3+ 0.84950z2
−0.05376z− 0.00205. (38)
For b→ Υ,
f(z) =−14.00334z10+ 46.94869z9− 55.23509z8
+16.69070z7+ 22.09895z6− 26.85003z5
+13.41858z4− 3.50293z3+ 0.46758z2
−0.03099z − 0.00226. (39)
Using the fragmentation function, we can obtain two
useful quantities, i.e. the fragmentation probability (P )
and the averaged energy fraction (〈z〉), which are defined
as
PQ→H =
∫ 1
0
DQ→H(z, µF ) dz, (40)
〈z〉 =
∫ 1
0
z DQ→H(z, µF ) dz∫ 1
0 DQ→H(z, µF ) dz
. (41)
PLO × 104 PNLO × 104 〈z〉LO 〈z〉NLO
µR = 2mc 1.88 1.86 0.62 0.63
µR = 3mc 1.40 1.72 0.62 0.63
TABLE I. The fragmentation probability and the average
value of the energy fraction for c→ J/Ψ. µF = 3mc.
PLO × 105 PNLO × 105 〈z〉LO 〈z〉NLO
µR = 2mb 2.09 2.05 0.62 0.63
µR = 3mb 1.73 1.99 0.62 0.63
TABLE II. The fragmentation probability and the averaged
energy fraction for b→ Υ. µF = 3mb.
The fragmentation probabilities and the averaged energy
fractions for c → J/Ψ and b → Υ are shown in Tables I
and II, respectively.
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FIG. 6. The NLO fragmentation function Dc→J/Ψ as a
function of z for µF = 3mc and µF = mZ , respectively.
µR = 2mc.
The fragmentation functions shown in Figs. 4 and 5 are
for µF = 3mQ. The fragmentation functions at any other
factorization scales can be obtained through DGLAP
equation. To apply the NLO fragmentation functions
to the production of heavy quarkonia at a Z factory, we
present the fragmentation functions for µF = mZ in Figs.
6 and 7, which are obtained by using the fragmentation
functions at the initial value µF = 3mQ. For definite-
ness, we set the renormalization scale µR = 2mQ. In
doing the numerical calculation, the DGLAP equation is
solved through the Mellin transformation [38, 39], and
the NLO expression for PQQ is used as the evolution ker-
nel. Figs. 6 and 7 show that the peaks of the fragmen-
tation functions become lower and shift to a smaller z
value for a larger factorization scale, leading to a smaller
value for the averaged energy fraction 〈z〉. For examples,
we obtain 〈z〉NLO+NLL|µF=mZ = 0.47 for Dc→J/Ψ and
〈z〉NLO+NLL|µF=mZ = 0.54 for Db→Υ.
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FIG. 7. The NLO fragmentation function Db→Υ as a function
of z for µF = 3mb and µF = mZ , respectively. µR = 2mb.
B. The J/Ψ and Υ production at a Z factory
As an application, we apply the NLO fragmentation
functions of c → J/Ψ and b → Υ to the production of
J/Ψ and Υ at a super Z factory.
A Chinese group has raised the proposal of construct-
ing a high-luminosity e+e− collider in China, the so-
called super Z factory [40], which is similar to the
Gigaz program suggested by the Internal Linear Col-
lider Collaboration [41, 42] but with a even higher lumi-
nosity. As for this purposed super Z factory, an e+e−
collider shall run at the energies around the mass of
Z0-boson resonance and with a high luminosity up to
L = 1034 − 1036cm−2s−1. Due to the Z0-boson reso-
nance effect, large numbers of J/Ψ and Υ events can be
produced, thus providing a good platform studying the
J/Ψ and Υ properties.
In this case, the factorization formula for the produc-
tion of J/Ψ or Υ can be written as
dσe+e−→H+X
dz
=
∑
i
∫ 1
z
dy
y
dσˆe+e−→i+X(y, µF )
dy
·
Di→H(z/y, µF ), (42)
where the energy fraction z is defined as z ≡ 2p · k/k2, p
is the momentum of the produced quarkonium, k is the
sum of the momenta of the initial electron and positron.
Up to NLO level, the parton i may be a heavy quark or
a heavy antiquark. For the quarkonium production, the
fragmentation function DQ¯→H is the same as DQ→H .
Due to that the coefficient functions dσˆ/dy are inde-
pendent to the species of the produced hadron, they can
be extracted by applying the pQCD factorization formula
to the production of an on-shell heavy quark (Q) or heavy
antiquark (Q¯) [43, 44]. The expression for the coefficient
function dσˆ/dy in MS-scheme up to NLO level has been
given in Refs.[45, 46], e.g.
dσˆNLOe+e−→Q+X
dy
(y, µF )
= σLOe+e−→QQ¯
[
δ(1 − y) + αs(µR)
2π
(
PQQ(y)ln
s
µ2F
+ C(y)
)]
,
(43)
where σLO
e+e−→QQ¯
is the LO cross section for the QQ¯ pro-
duction. And in the massless limit mQ → 0 1, we have
σLOe+e−→QQ¯ =
4πNcα
2
3s
[
e2ee
2
Q + 2eeveeQvQρ1(s)
+(v2e + a
2
e)(v
2
Q + a
2
Q)ρ2(s)
]
, (44)
where ef is the electric charge of fermion f ,
vf = (T3f − 2efsin2θw)/(2sinθwcosθw), (45)
af = T3f/(2sinθwcosθw), (46)
are the vector and axial-vector couplings of fermion f to
the Z boson, T3f is the third component of weak isospin
of the fermion f , θw is the weak mixing angle, and the
propagator functions are:
ρ1(s) =
s(s−m2z)
(s−m2Z)2 +m2ZΓ2Z
,
ρ2(s) =
s2
(s−m2Z)2 +m2ZΓ2Z
. (47)
The function C(y) in the massless limit mQ → 0 takes
the form
C(y) =CF
{(
2π2
3
− 9
2
)
δ(1− y)− 3
2
(
1
1− y
)
+
+2
(
ln(1− y)
1− y
)
+
− (1 + y) [2lny + ln(1− y)]
+4
ln y
1− y +
5
2
− 3y
2
}
. (48)
For comparison, we adopt three strategies to calculate
the differential cross sections dσ/dz under the fragmen-
tation approach. We denote them as “Frag, LO”, “Frag,
NLO” and “Frag, NLO+NLL”, respectively. For the case
of “Frag, LO”, the differential cross sections are calcu-
lated through
dσLOe+e−→H+X
dz
= 2
∫ 1
z
dy
y
dσˆLO
e+e−→Q+Q¯
dy
(y, µF ) ·DLOQ→H(z/y, µF )
= 2σLOe+e−→Q+Q¯ ·DLOQ→H(z, µF ) (49)
1 Because the coefficient function dσˆ/dy is infrared safe, so we
can take the limit mQ → 0 to do our calculation, which shall
introduce a small error of O(m2Q/s).
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where the factor 2 comes from that the contribution of
the Q¯ fragmentation which is the same as that of Q
fragmentation. DLOQ→H(z) denotes the LO fragmentation
function which has been given in Eq.(22). In the second
equation, we have used the fact that dσˆLO
e+e−→Q+Q¯
/dy =
σLO
e+e−→Q+Q¯
δ(1 − y). For the case of “Frag, NLO”, the
differential cross sections are calculated through
dσNLOe+e−→H+X
dz
=2
∫ 1
z
dy
y
dσˆNLOe+e−→Q+X
dy
(y, µF )
×DNLOQ→H(z/y, µF ). (50)
In the above calculation, the factorization and renormal-
ization scales are set as µF = 3mQ and µR = 2mQ. For
the case of “Frag, NLO+NLL”, the differential cross sec-
tions are calculated through
dσNLO+NLLe+e−→H+X
dz
=2
∫ 1
z
dy
y
dσˆNLOe+e−→Q+X
dy
(y, µF )
×DQ→H(z/y, µF ), (51)
where the factorization scale and renormalization scale
are set as µF = µR = mZ , and the fragmentation func-
tions DQ→H (z, µF = mZ ) are obtained through solving
the DGLAP evolution equation, i.e., Eq.(4) and the ini-
tial fragmentation functions DNLOQ→H(z, µF = 3mQ) with
µR = 2mQ are used as the boundary condition. This way,
the large log-terms such as ln(m2Q/m
2
Z) are resummed up
to next-to-leading-log (NLL) accuracy.
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FIG. 8. The differential cross section dσ/dz of e+e− → J/Ψ+
X at the Z pole under the fragmentation approach.
We present the differential cross sections dσ/dz for the
production of J/Ψ and Υ via the fragmentation approach
in Figs. 8 and 9. In drawing the figures, we have omitted
the γ− γ and γ −Z contributions, which are quite small
compared with the dominant Z −Z contribution around
the Z pole. Figs. 8 and 9 show how the NLO-terms
and the leading and next-to-leading logarithms affect the
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FIG. 9. The differential cross section dσ/dz of e+e− → Υ+X
at the Z pole under the fragmentation approach.
predictions. For the J/Ψ production, the NLO contribu-
tion is significant, and after including the NLO-terms,
the distribution becomes softer and the value of z corre-
sponding to the peak value of the distribution becomes
smaller. For the Υ production, the NLO contribution is
relatively small compared with the J/Ψ case.
Frag, LO Frag, NLO Frag, NLO+NLL
J/Ψ 2.58 2.77 2.65
Υ 0.368 0.382 0.377
TABLE III. Total cross sections (in unit: pb) of production
channels e+e− → J/Ψ+X and e+e− → Υ+X at the Z pole.
Integrating the differential cross sections dσ/dz over
z, we can obtain the total cross sections for J/Ψ and Υ
production at the Z factory, which can be simplified as
σ(H) = 2PQ→H
∫ 1
0
dσˆe+e−→Q+X
dy
(y, µF ), (52)
where PQ→H is the fragmentation probability for Q into
the quarkonium H . The results are presented in Table
III, which shows that the NLO corrections enhance the
total cross section ∼ 7% for J/Ψ and ∼ 4% for Υ.
C. A comparison of J/Ψ and Υ production via the
Z decays up to NLO level
As a final remark, we compare the NLO results un-
der the fragmentation function approach and the com-
plete pQCD approach. The complete NLO pQCD cal-
culations of Z → J/Ψ + X and Z → Υ + X have
been done by Ref.[5]. We present the differential de-
cay widths dΓ/dz for Z → J/Ψ + X and Z → Υ + X
in Figs. 10 and 11, in which all the input parame-
ters are taken as those of Ref.[5] and the results de-
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FIG. 10. The differential width dΓ/dz of Z → J/Ψ +X.
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FIG. 11. The differential width dΓ/dz of Z → Υ+X.
noted by “Li and Wang” are results under the com-
plete NLO calculation. The results denoted by “Com-
bined, NLO+NLL” are results combining the results
from the complete pQCD approach which are taken from
Ref.[5] and the results from the fragmentation approach,
i.e, dΓ/dz|Combined,NLO+NLL = dΓ/dz|Li and Wang +
(dΓ/dz|Frag,NLO+NLL − dΓ/dz|Frag,NLO). For the case
of J/Ψ production at the Z factory, Fig.10 shows
the fragmentation contributions dominant the decay
width, since the “Frag, NLO” shape is very close to
the complete NLO one. Moreover, the total decay
widths are Γ(Z → J/Ψ + X)|Frag,NLO = 136 keV,
Γ(Z → J/Ψ + X)|Frag,NLO+NLL = 130 keV, Γ(Z →
J/Ψ + X)|Li and Wang = 136 keV and Γ(Z → J/Ψ +
X)|Combined,NLO+NLL = 130 keV. Fig.11 shows that
the “Frag, NLO” result is larger than the result un-
der the complete NLO calculation at small z-region,
thus the fragmentation approximation for the Υ pro-
duction is not as good as the J/Ψ case. This is be-
cause the b-quark mass is larger than c-quark mass,
and the power correction in m2b/s for the case of Υ is
larger than the case of J/Ψ. However, the combined
result counts both the large power correction and the
large logarithms, then give a good prediction. Moreover,
the total decay widths are Γ(Z → Υ + X)|Frag,NLO =
20.9 keV, Γ(Z → J/Υ + X)|Frag,NLO+NLL = 20.6 keV,
Γ(Z → J/Υ + X)|Li and Wang = 17.38 keV, and Γ(Z →
J/Υ+X)|Combined,NLO+NLL = 17.08 keV.
V. SUMMARY
In the present paper, we have calculated the fragmen-
tation function for a heavy quark into heavy quarkonium,
e.g. c → J/Ψ or b → Υ, up to NLO level. Our present
results are complementary to the previous works on the
fragmentation function of a gluon into heavy quarkonia
done in the literature, which is pQCD calculable due to
the fact that the gluon should be hard enough to form a
heavy quark-and-antiquark pair.
Our results show that the NLO correction is impor-
tant to suppress the renormalization scale uncertainty
and to achieve a reliable fragmentation prediction. Our
calculations are based on the gauge-invariant definition
of the fragmentation function suggested by Collins and
Soper. To avoid large logarithms appearing in the per-
turbative series of the fragmentation function, we first
derive the fragmentation function at an initial (reason-
able) factorization scale µF = 3mQ, and then run to any
factorization scale with the help of the DGLAP evolu-
tion equation. This treatment, in effect, resums the large
logarithms and forms a reliable prediction. Thus for the
cases when the fragmentation dominants the quarkonium
productions or decays, our present calculated fragmenta-
tion functions shall be of great help for a more precise
pQCD prediction. As an application, we have applied
the obtained fragmentation functions to the production
of J/Ψ and Υ at the super Z factory. The shape of the
J/Ψ distribution changes significantly by introducing the
NLO corrections, and the total cross section increases by
∼ 7%. The shape of the Υ distribution changes slightly
by introducing the NLO corrections, and the total cross
section increases only ∼ 4%.
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